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ABSTRACT

Christiaan Huygens, in the 1600s, discovered the innate synchronization of coupled pendulums.
This paper furthers Huygens’s unanswered ambitions by considering the effects of the speed of
synchronization based on changes in string length in a coupled pendulum system, designed on a
moving platform. Two simple pendulums were connected through the medium of a wooden board
which was then placed on cylindrical cans. It’s found that string length and synchronization time
seemed to display an inverse relationship based on trends of raw data. The findings presented show
that synchronization can be optimized which is useful in various fields of study like the medical field
where many diseases are caused by the synchronization of neurons. Explanations for other behaviors
such as brief stops in motion and anti-phase versus in-phase synchronization are explained using
laws of Classical Mechanics and are modeled with polynomial regressions. And the general effect
of synchronization arises from the medium between the pendulums and the various dampenings of
the system. Finally, the equations of motion and energy are modeled with Lagrangian physics and
Mathematica software. Possible extensions, like creating a model similar to the Kuramoto Model,
and other applications of the problem are discussed.

Keywords Synchronizing Pendulums · Phase Motion · Euler-Lagrange · Kuramoto Model · Regression



TEMPORAL ANALYSIS OF SYNCHRONIZING PENDULUMS BASED ON VARYING STRING

LENGTHS - A PREPRINT

1 Introduction
Synchrony is everywhere in our world. A notable example includes how the circadian rhythm
in the body is a group of cells that act as a chronometer to keep the human body in synchrony
with the world. There is also the less known synchrony of social phenomena, where one might
synchronize the motion of their hands or feet with someone when talking to them in a conversation.
In more practical spaces, the vibrations from synchronizing pendulums can be harvested for natural
energy [1]. Synchrony in the natural world is not a new topic. But is there a way to optimize this
synchronization? That’s what this paper aims to find out.

Christiaan Huygens, in the 17th century, discovered that two pendulums can synchronize their
motion by setting up the two pendulum apparatuses connected by a wooden beam and releasing the
pendulum bobs at different times. The pendulums moved with the exact same speed in opposite
directions, mirroring their motion along the y-axis. However, the pendulums need some sort of
medium connecting them, otherwise, there is no method of transferring energy which is the method
by which they synchronize. That method is also known as the escapement mechanism [2]. If
the pendulums synchronized without a medium, then it’s either after an elongated period or pure
coincidence.

Figure 1: The schematic above shows what Huygens’s pendulums would have looked like when he experimented, where
M is the total mass of the system, l is the string length, and m is the mass of the bobs [3].

Above in Figure 1, we can see what Huygens’s pendulums would have looked like. But unlike the
simplified diagram, they were highly mechanical. Unlike the “classical” pendulums we consider in
modern times consisting of a string and a bob. The diagram is representative of the rest of his setup.
His work involved a wooden beam and the pendulums hanging down from them, but this paper
utilized a different approach. The pendulums are built into wooden towers and those towers are
placed on a similar wooden board placed on cylindrical cans. This poses no problem as the interest
is in the trend in average synchronization times and not the actual numbers from the data (which
can change based on the setup utilized in the experiment). With the board below the pendulums,
there is more mobility which means that the system will synchronize in a faster time. This is useful
for data collection in this experiment since many trials wanted to be performed in little time.

At first, Huygens thought it was air currents causing the pendulums to synchronize [4]. Testing
that theory, he found that it didn’t work and he died too soon to explore the phenomena any longer.
However many questions remain unanswered more than 350 years after Huygens’s discovery. What,
for example, are the requirements for self-synchronization? Or, what even causes synchronization
and how can it be applied? This paper delves deeper into the topic of synchrony to answer Hyugens’s
ambitions. The pendulums in this paper were arranged in close proximity, and the string length of
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both pendulums was changed such that both had approximately the same period at all times and the
average synchronization times were found, eventually generalizing into a relationship.

In previous research it was shown that there is a transition period for damping coefficient � in [0.06,
0.07] there is quasi-periodic motion for in-phase motion [5]. Simply meaning, there is some relation
between the material of the medium used and the average synchronization time. We define in-phase
motion as the pendulums performing the same motions (same period, speed, amplitude, etc.) in
the same directions. It follows that anti-phase motion are the pendulums performing the same
motions but in opposite directions. Huygens’s results indicate he used a wood that fell outside the
range stated above since he achieved only anti-phase synchronization after hundreds of swings
with his pendulums [2]. So in this experiment, wood that has a high enough density to fall within
outside that range was utilized. For experimental purposes, Pantaleone created a platform with two
metronomes with a phase difference close to 0 [6]. And increasing the damping of the moving
platform reported anti-phase motion which is supported by the Kuramoto model.

2 Materials
Below are the materials obtained and utilized for this experiment. Twenty 0.31 cm (1

8
in) x 0.31

cm (1
8

in) x 91 cm (36 in), ten 0.31 cm (1
8

in) x 0.15 cm (1
4

in) x 91 cm (36 in) balsa wood sticks
(Pitsco Education), 2 Iron Pendulum Bobs (Eisco), 1 Roll of Kite String (HappyToy), 1 Gorilla Glue
(Gorilla), 1 Air Dried Poplar Board (Woodcraft, Truevalue), 2 Wooden Shims (Nelson Wood Shims),
4 Mini Metal Staple Hooks (Gardner Bender), 3 Empty Soda Cans (Seagram). Other household
items include a hammer, masking tape, pencils, and sandpaper were used during the building. For
Data Collection, all that was utilized was a stopwatch. And for Analysis, Mathematica and Wolfram
software was utilized.

3 Methods

3.1 Building

The schematic shown in Fig. 2 below has the necessary measurements for the frame of a single
pendulum tower. Two frames were made and connected with 4 balsa wood sticks to create the full
pendulum tower. This process was duplicated to create another pendulum tower. Fig. 2 shows an
11.43 cm (4.5 in) x 45.72 cm (18 in) rectangle that has rigid cross supports. The diagonal supports
of the two separate towers were pointed in opposite directions as shown above. This was to make
sure the structure was sound. The measurements of the wider sticks are 0.31 cm (1

8
in) x 0.15 cm (1

4
in), with any length needed. Having thicker sides lets the structure stand sturdy without much sway.
It also prevents the need to create a triangular-shaped tower which is much harder to operate.
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Figure 2: The blue lines designate thick balsa wood sticks, black lines designate the thin balsa wood sticks, green lines
designate the string, red lines indicate staple hooks, and the thin rectangles are small wooden shims a) A simplified
(doesn’t have cross supports) cartoon 3D depiction of the dimensions of the tower (with measurements), including what
the sides look like b) The front side of the tower which contains the wooden bar c) The back frame of the tower, the
diagonal supports are in the opposite direction of the front frame d) The depiction of how the pendulum bob hangs on
the metal hooks (The bob is hooked onto the string).

When gluing the horizontal and diagonal supports, lap joints were avoided as those would reduce
the glued surface and bonds. Instead, the edges of the diagonal supports were cut to fit in between
the horizontal and vertical supports. When the two rectangular frames were created, they were
connected using a singular balsa stick on each side. At the end, the pendulum had the shape of a
rectangular prism with dimensions 11.43 cm (4.5 in) x 11.43 cm (4.5 in) x 45.72 cm (18 in). This
process was duplicated for a second tower.

Then the mechanism for changing the string length was made. First, a thin wooden bar, made of
poplar wood with a width of 3.81 cm (1.5 in) and length of 16.51 cm (6.5 in) was placed at the top
of the tower. Two metal staple hooks were hammered into the ends of the wooden bar. Then a long
piece of kite string was knotted onto one of the staples and the other end of the string was let loose.
That loose end was taped onto the top of the bar, and when adjusting the string was needed, the tape
could be undone and the string just needed to be pulled up to shorten the string length. Then the
wooden bar was secured onto the top of the tower. Duplicate this process for the second tower. Like
in Fig. 3, they were then placed onto a sturdy wooden board. The board rested on three congruent
cylindrical cans and two weights were added onto the towers to prevent additional swaying. The
cans used were 5.08 cm (2 in) in radius and hollow inside. Using just two cans might damage the
cans (from all the weight), thus affecting the results, which is why this experiment utilizes three.
Markings for where the cans were be placed so the placement of the cans for each trial is relatively
constant. The idea of a moving wooden board was put forward by Kortweg in 1906 [9].

3.2 Procedure

The process began by first pulling one of the pendulums at a certain angle, and then releasing it,
letting the pendulums swing on their own until they synchronized as shown in Fig. 3. For clarity,
only one pendulum is released and it moves the other pendulum through force. It’s known that
when the amplitude of the pendulum becomes too large, then the motion of the pendulum becomes
uncontrolled. Thus, the standard angle to pull the pendulum was 30 degrees which was marked on
the tower itself and was measured with a standard protractor. The poplar board shifted back and
forth under the influence of the forces from the heavy pendulum bobs. The board was watched until
it came to a complete halt: it was at this point that the timer was stopped. The time on the timer was
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recorded along with any other observations seen in the pendulum’s behavior. This was repeated for
28 trials for each string length. The string lengths ranged from 22.9 cm (9 in) to 36.8 cm (14.5 in)
with 1.27 cm (0.5 in) increments which gave 12 string lengths in total. Other behaviors observed
include times when one of the pendulums stops and the general nature of the system before and after
synchronization. Although, many trials were scrapped for a multitude of reasons. The aluminum
cans are very delicate and the setup above the poplar board is quite heavy. The pendulum towers
rolled off and the poplar board would have never stopped in some trials. Any trials of that nature
were redone. If the poplar board never stopped its motion, then that meant the string lengths of the
pendulums were not the same and needed readjustment.

Figure 3: A cartoon depiction of the setup in full (side view, not drawn to scale) and in the starting position. One
pendulum is pulled back 30 degrees. The green represents the hollow aluminum cans, red is the iron bobs, yellow is
the metal weights to hold down the towers, blue is the wooden plank at the top of each tower which holds the string
mechanism, and gray is the poplar board. M and m represent the non-negligible mass of the poplar board + towers and
iron pendulum bobs respectively. The arrows at the bottom of the cans represent the friction force.

3.3 Analysis

Once all the trials were collected, for each string length, the trials for each respective string length
were all averaged into one number such that there are a total of 12 averages. For the main graph, the
average synchronization times (dependent) were on the y-axis while the string length (independent)
of the pendulum at a given time was on the x-axis. The ranges of the average synchronization times
for each string length were also found after all the trials were recorded. This was to see the standard
deviation of the synchronization times which is caused by human error or the other limitations listed
later in the paper. Other general observations regarding the nature of synchronization were modeled
with Lagrangian Physics. Once the Euler-Lagrange equation was found, Mathematica software was
used to analyze the equation of motions. The code is listed in the Discussion.

4 Results

4.1 Qualitative Results

While the pendulums were synchronized, they stayed synchronized for the rest of the motion until
the platform ceased movement. The amplitude of the pendulums would gradually decrease while
they were moving in their synchronized motion until both pendulums came to a full stop. Something
of note is that as with Huygens pendulums, the system proceeded to swing only in anti-phase.
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Recalling our definition, this is when the pendulums would move in synchrony with the exact same
amplitude and period, but just in opposite directions. The pendulums would never switch between
anti-phase or in-phase but just stay anti-phase which was peculiar. When the pendulums were fully
synchronized, the platform on which they rested also ceased movement. The procedure for each
trial included starting the pendulum with the same amplitude (30 degrees from the vertical), pulling
only one of the pendulums out, and releasing it. The pendulum that was first released seemed to
stop for a brief moment and then transferred all its former energy to the other pendulum which
caused this other pendulum to swing chaotically at full speed. Slowly, the first pendulum would
regain its energy and after some time the second pendulum would also experience a brief stop. It
was shortly after both pendulums experienced brief stops that the pendulums would synchronize.

4.2 Quantitative Results

Figure 4: Above are synchronization times (recorded in seconds) each under the column with the associated string
length in cm. The measurements (28 trials for each string length) are not necessarily in order of when they were
measured. The pink bar represents the average synchronization time for each string length. In general, the relationship
seen is decreasing for this first interval of string lengths.
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Figure 5: This is a continuation of the data from before; and is for string lengths 30.4 cm (12 in) to 36.8 cm (14.5 in).
The measurements (28 trials for each string length) are not necessarily in order of when they were measured. The times
are measured in seconds, and the pink is the average of all the trials in that column. In general, the relationship seen is
decreasing for this interval of string lengths.

The main variable that we were looking at was the effect of string length on the time of synchroniza-
tion. To recall, each of the string lengths trials were averaged and we ended up with 12 numbers. It
was found that string length and average synchronization time has an inverse relationship as shown
in Tables 1 & 2. As the string length increases, the average synchronization time tends to decrease.
The ranges of each string length were also collected and we list them out here according to their
letter: A - [32.73], B - [26.73], C - [24.04], D - [31.22], E - [26.98], F - [33.6], G - [18.47], H -
[17.7], I - [16.36], J - [21.3], K - [23.27], L - [12.61]. For the longer string lengths, the ranges are
higher than that of the shorter string lengths. In the qualitative observations, the phenomena of
brief stops were described and it was also collected numerically. The times at which the brief stops
would occur were recorded, but these had much fewer trials since they seemed to have less variance
than the average synchronization time. They were also only timed for the first half of the string
lengths (A - F) since it was meant as a smaller investigation as part of the larger project.
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